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Abstract

Causal discovery tools enable scientists to infer meaningful relationships from observa-
tional data, spurring advances in fields as diverse as biology, economics, and climate sci-
ence. Despite these successes, the application of causal discovery to space-time systems
remains immensely challenging due to the high-dimensional nature of the data. For ex-
ample, in climate sciences, modern observational temperature records over the past few
decades regularly measure thousands of locations around the globe. To address these chal-
lenges, we introduce Causal Space-Time Stencil Learning (CaStLe), a novel meta-algorithm
for discovering causal structures in complex space-time systems. CaStLe leverages reg-
ularities in local space-time dependencies to learn governing global dynamics. This lo-

cal perspective eliminates spurious confounding and drastically reduces sample complex-
ity, making space-time causal discovery practical and effective. For causal discovery, CaS-
tLe flexibly accepts any appropriately adapted time series causal discovery algorithm to
recover local causal structures. These advances enable causal discovery of geophysical
phenomena that were previously unapproachable, including non-periodic, transient phe-
nomena such as volcanic eruption plumes. Regularities in local space-time dependencies
are transformed into informative spatial replicates, which actually improves CaStLe’s per-
formance when applied to ever-larger spatial grids. We successfully apply CaStLe to dis-
cover the atmospheric dynamics governing the climate response to the 1991 Mount Pinatubo
volcanic eruption. We provide validation experiments to demonstrate the effectiveness

of CaStLe over existing causal-discovery frameworks on a range of geophysics-inspired
benchmarks while identifying the method’s limitations and domains where its assump-
tions may not hold.

Plain Language Summary

We introduce a new method for learning the dynamics of causal systems, that is,
the physical rules that define a system’s behavior. While this task, causal discovery, is
not new, existing tools are ill-suited for many large geophysics datasets. Current state-
of-the-art approaches use statistical techniques to search for causal relationships between
all aspects of a system, examining billions of possible causal effects, or simplifying the
data by focusing on the most important variables. Instead of an exhaustive search or over-
simplifying the data, we incorporate basic physical principles—requiring effects to be “lo-
cal” and “uniform”—to massively simplify the causal discovery problem. We demonstrate
that our approach can recover known geophysical dynamics by applying it to the 1991
Mt. Pinatubo eruption, validating its ability to uncover space-time causal structure from
observational data.

1 Introduction

Explaining the causal dynamics that govern geophysical phenomena is paramount
in the Earth sciences. Climate models, for example, critically depend on understanding
both local and global causal pathways to model the complex Earth system. Understand-
ing short- and long-term consequences of the Earth system’s behavior is essential for fu-
ture model development, our scientific knowledge, and preparing for the future. More
specifically, in atmospheric science, we know the initial state of specific wind modes, such
as the quasi-biennial oscillation or the Brewer-Dobson circulation, dramatically affects
the later evolution and impact of volcanic eruptions, major wildfires, or geoengineering
efforts such as stratospheric aerosol injection (Hitchman et al., 1994; Jones et al., 1998;
Aquila et al., 2014; Gray et al., 2018).

Traditional statistical methodologies, while providing valuable insights, often fall
short of capturing the complex causal relationships inherent in geophysical systems. Causal
models are hard-won and often represent the culmination of many decades of research.
Causal discovery tools aim to accelerate the discovery of these relationships using philosophically-
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and statistically-rigorous techniques to separate predictable, but indirect, statistical re-
lationships from direct causal connections. Causal discovery has been successful across
the sciences, providing new understandings of climate, biological, genetic, neural, and
other dynamical systems (Ebert-Uphoff & Deng, 2012; Sugihara et al., 2012; Neto et al.,
2010; X. Zhang et al., 2011; Kaminski et al., 2001; Tsonis et al., 2017). However, apply-
ing existing causal methods to space and time structured data remains limited due to
the complexity and scale of such systems.

This work presents a novel causal discovery methodology that overcomes these chal-
lenges to recover networks describing local causal structures from gridded data. A fun-

damental insight driving the present work is that in many complex systems, global phenomena—

whether climate teleconnections, brain functional networks, or ecosystem dynamics—
emerge from countless repeated and structured local interactions. We can better under-
stand how complex global patterns arise by accurately capturing these foundational lo-
cal structures.

Today’s Earth science measurement and modeling capabilities provide a wealth of
data for studying our planet’s complex dynamics. However, due to the immense com-
plexity of these dynamics, simple analyses provide only a limited understanding of the
data. Causal discovery tools offer the ability to understand finer mechanistic details via
causal graphs’ simplicity, interpretability, and flexibility. Causal discovery is a field that
utilizes algorithmic causal inference to identify causal models as dependencies between
fields of interest, which are often represented as a directed acyclic graph (DAG). Causal
graphs let us analyze the space-time evolution of fields of interest and causal discovery
can estimate them without requiring hypothesized physical models. Insights gleaned from
causal discovery can further inform physical models, validate simulations against obser-
vational data, and identify future research questions.

While causal discovery show considerable promise for addressing problems in the
Earth sciences, the enormous size and scope of Earth science data have limited its ap-
plications. For example, atmospheric data often contains hundreds of thousands of grid
cells, each with several orders of magnitude fewer observations in time. That imbalance
is one aspect of the curse of dimensionality (Bellman, 1957; Bithlmann & Geer, 2011),
where high dimensionality relative to sample size challenges conventional statistical meth-
ods and renders many forms of inference, including causal discovery, unreliable without
dimensionality reduction. Despite these obstacles, causal discovery has been successfully
applied in Earth science (Deng & Ebert-Uphoff, 2014; Runge et al., 2015; Capua et al.,
2019, 2020; Nowack et al., 2020; Krich et al., 2020; Galytska et al., 2022; Tibau et al.,
2022; O’Kane et al., 2024; Zhao et al., 2024), primarily via dimensionality reduction tech-
niques to reduce the number of relationships to estimate. Those contributions identified
teleconnection pathways to recover large, periodic climate modes and their effects. While
a dimensionality reduction approaches can be practical, the analysis of local effects has
been considered challenging and generally avoided due to the curse of dimensionality (Ebert-
Uphoff & Deng, 2012; Runge et al., 2015; Nowack et al., 2020).

In contrast to dimensionality reduction methods that marginalize large amounts

of information, our work leverages the known locality in space-time systems to harness
informative spatial replicates, i.e., repeating space-time relationships, without loss of lo-
cal structural information, to identify local causal graphs. These advances enables us to
approach problem classes in space-time systems that are typically intractable with prior
art—both in terms of performance and algorithmic efficiency. We highlight two features
of CaStLe that are useful contributions to causal discovery for geoscience problems: the
ability to learn grid-level relationships instead of regional relationships from reduced di-
mensional data (e.g. principal components or modes) and the ability to handle dynamic,
advective processes.



17 Prior causal discovery work in Earth science has primarily focused on large-scale

118 regional phenomena, such as the El Nino Southern Oscillation. These patterns, gener-

119 ally consistent in their spatial distribution and periodic in nature, are well suited to global
120 dimensionality reduction techniques, which project fields onto a small number of modes.
121 While global teleconnections are crucial research areas, they ultimately emerge from lo-
122 cal causal interactions. However, dimensionality reduction sacrifices critical local infor-

123 mation, making it impossible to see how local structures give rise to global patterns. CaS-
124 tLe reduces problem complexity in a fundamentally different way: By identifying and

125 leveraging the repeating local structures, it preserves the relationships at the grid level

126 while remaining applicable to spacetime systems that exhibit multiscale organization.

127 Typical dimensionality reduction approaches to causal discovery decrease the data
128 space from many grid cells to a few regional modes and uses many observations, result-
120 ing in a little p, large n problem, where p is the number of variables and n is the num-

130 ber of data points. In contrast, phenomena that evolve dynamically in space or occur

131 rarely, like volcanic plumes, are harder to analyze and often have few data points. Such
132 problems are large p, little n. CaStLe makes causal discovery of the space-time evolu-

133 tion of these phenomena tractable for the first time by leveraging the gridded sample space,
134 avoiding the marginalization that reduces many grid cells into a single time series per

135 regional mode, and recovering interpretable space-time causal structures.

136 This work’s primary case study is the 1991 Mount Pinatubo eruption. It injected

137 a plume of aerosols into the stratosphere, which then advected around the tropical zone
138 before dispersing northward and eventually diffusing around the globe. This example demon-
130 strates the characteristics of the unique, transient problem class, has an established re-

140 search history, and exhibits dynamics verifiable with a known causal driver: stratospheric
141 wind.

142 We introduce a new Earth system causal network, the causal stencil graph, which

143 describes local space-time causal structures between adjacent locations, and a new es-

144 timation methodology, Causal Space-Time Stencil Learning (CaStLe), that is capable

145 of describing local mechanistic pathways in space and time between grid cells. Grid-level
146 causal discovery in high dimensional space-time data has been previously considered in-
147 tractable due to the curse of dimensionality (Nowack et al., 2020; Tibau et al., 2022).

148 Though demonstrated with climate model output, our methodology applies to any space-
149 time system where local physical interactions drive global behavior, including fluid dy-

150 namics, biological pattern formation, or material transport processes.

151 CaStLe combines modern causal discovery with classical physics-based principles,

152 namely spatial and temporal locality, to accurately perform causal discovery on large spa-
153 tial domains. Our novel local-coordinate-space projection does not marginalize any data
154 points, such that local causal information is lost, which is a common sacrifice of other

155 space-time dimension reduction techniques such as weighted averaging or principal com-
156 ponent analysis (PCA). This preservation of local information is crucial because global-
157 scale phenomena in complex systems emerge from interactions at smaller scales. By map-
158 ping these foundational causal pathways, CaStLe provides insights not just into imme-

150 diate local effects but also into how these effects propagate and combine to create larger-
160 scale patterns.

161 With these advances, CaStLe achieves remarkable improvements over state-of-the-
162 art space-time causal discovery approaches. CaStLe is a flexible framework that can be

163 implemented by adapting any given time series causal discovery algorithm to the sten-

164 cil approach. Our approach performs excellently in high-dimensional data regimes, mak-
165 ing it capable of describing the local space-time evolution of transient phenomena trans-
166 porting over many grid cells.
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The Earth system is rich with transient phenomena examples including forest fires,
monsoons, coastal erosion, salt or freshwater incursions, inter-tropical convergence zone
shifts, and atmospheric rivers. Aside from elucidating underlying dynamics, CaStLe can
be used to identify and characterize causal change points, such as polar vortex disrup-
tion and ocean current disruptions. Additionally, understanding these local dynamic struc-
tures can give further insights into the construction and evolution of important macro
phenomena such as the El Nino Southern Oscillation, the Quasi-Biennial Oscillation, and
the Madden-Julian Oscillation. Table 1 in the Appendix summarizes the capabilities of
CaStLe and their relevance to specific Earth science applications. These capabilities ad-
dress analytical needs that have been challenging or infeasible with previous causal dis-
covery approaches.

The remainder of this paper is organized as follows: Section 2 provides a brief back-
ground on causal discovery and its use in Earth science; Section 3 describes our case stud-
ies in the HSW-V and E3SMv2-SPA models and available data; Section 4 explains our
novel CaStLe methodology; Section 5 demonstrates CaStLe’s ability to recover known
volcanic aerosol evolution in climate models of different resolution; and finally, Section
6 illustrates CaStLe’s computational, and performance improvements over the state-of-
the-art methods with synthetic data experiments.

Contributions

We introduce the CaStLe approach to causal discovery from space-time data. CaS-
tLe allows the discovery of causal structures in high-dimensional spatial data, avoiding
the need for dimension reduction techniques that dominate causal discovery of space-
time data, e.g., the work by Nowack et al. (2020). By working in the raw data space, CaS-
tLe’s causal graphs are inherently interpretable and do not require mapping structures
from the dimension-reduced space back onto the original data. We provide a theoret-
ical analysis of CaStLe, showing that it has attractive computational and statistical prop-
erties and, rather remarkably, that CaStLe’s accuracy actually increases on larger spa-
tial domains. We apply CaStLe to two simulations of a major volcanic eruption and demon-
strate how it can be used to better understand how stratospheric winds mediate the cli-
mate response to volcanic activity. Our first study is of a relatively simplified model to
validate the methodology with proxy ground-truth. In our second study, we consider a
more realistic model and find that CaStLe still provides consistent and valuable results,
demonstrating its value for realistic atmospheric dynamics. Finally, extensive numeri-
cal experiments measure the advantages of CaStLe and demonstrate: i) significantly im-
proved performance over existing causal discovery methods on a set of vector autoregres-
sive (VAR) benchmarks; and ii) the use of CaStLe to identify the governing dynamics
of Burgers’ non-linear partial differential equation (PDE). While our case studies uti-
lize climate model data, the methodology is domain-agnostic and can be applied to any
high-dimensional space-time system meeting our locality and stationarity assumptions.

2 Background: Causal Discovery and Formal Mathematical Scope

Here, we provide a brief overview of the causal discovery field and the mathemat-
ical scope of our contributions. For a broader overview of causal discovery and its ap-
plications to Earth science, see the reviews by Glymour et al. (2019), Runge, Bathiany,
et al. (2019), and Runge et al. (2023), and the book by Peters et al. (2017). Addition-
ally, we outline the mathematical constraints and assumptions that define where our method-
ology can be applied in the class of space-time systems.

Causal discovery is a field of causal inference that seeks to recover causal dynam-
ics from observational data. In the parlance of causal inference, observational data is data
that is passively observed rather than data to which treatments (e.g. manipulations) have
been applied. Observational data can be natural (e.g. physical observations) or synthetic
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(e.g. simulations). The present work exclusively pertains to untreated data, so we will
use observational in this way.

While correlation does not imply causation, causal discovery is built upon Reichen-
bach’s common cause principle (Reichenbach, 1956): if two quantities are correlated then
one must cause the other or there is a third causal driver of the two. Causal discovery
generally has two output classes: a causal graph/network (Pearl, 1995) or a structural
causal model (Pearl, 1998). We focus on causal graphs, which are networks of variables
(nodes) connected by edges that denote a causal dependence. Causal graphs can be more
appealing than structural equation models because they are human-interpretable and
do not require prior knowledge of the underlying causal function. In the study of Earth
science, causal graphs may often be preferred to visually describe space-time relation-
ships on the globe. Our contribution produces a novel type of causal graph, the causal
space-time stencil, which is detailed in Section 4 and an example of which is in panel 4
of Figure 2.

2.1 Related Work: Causal Structure Learning

In recent decades, causal inference has been developed into a rigorous mathemat-
ical framework (Rubin, 1974; Pearl, 2000; Pearl et al., 2016). These developments made
algorithmic discovery of causal structures from observational data possible (Spirtes et
al., 1993; Peters et al., 2017; Glymour et al., 2019). Causal structures can be modeled
with two common forms: structural causal models (SCMs) and causal graphs. Both de-
scribe a functional relationship between a variable X; and its causal parents, denoted

P ().

For example, if X; causes X, then it is said X; is a parent of X; and i [ (J).
Formally, Peters et al. (2017, p.83) defines an SCM as follows:

A structural causal model (SCM) consists of a collection of d (structural)
assignments

Xj = fJ(XBZ(])?nJ)’ j:17"'7d7

where P (j) C {1,...,d}\{j} are called parents of X,: and a joint distribution
P, = P,,,...ny over the noise variables, which we require to be jointly indepen-

dent; that is Py, is a product distribution [in our notation].

An SCM admits a unique causal graph, where X; - X;if j CIP(i)and j B
X; if j [P (i). While discovery of an SCM requires hypothesizing all f;’s, discover-
ing a causal graph can be done without knowing the exact functions. Because a causal
graph does not imply a specific function between variables, each may imply multiple SCMs.
This does limit some of the inferential power of causal graphs, in exchange for more ver-
satility.

Algorithms for discovering causal graphs have two primary classes: constraint-based
and score-based algorithms. Constraint-based methods use statistical tests to compute
conditional independence relationships between sets of variables. Once a set of indepen-
dence relationships is established, it utilizes causal assumptions and reasoning to con-
nect the variables with directed links. Score-based approaches are similar but use score
optimization to determine causal dependence between variables. Both constraint-based
and score-based algorithms produce causal graphs because they operate on graphical struc-
tures and independence relations rather than the explicit parametric relationships be-
tween variables required to specify a complete SCM.

Early causal discovery algorithms developed as two parallel traditions. The tem-
poral Granger causality (Granger, 1969) methodology was an early innovation using time
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series data to determine if the past history of X aids the prediction of Y better than Y ’s
history alone. If so, then X Granger causes Y . Independently, the constraint-based PC
algorithm (named for its authors Peter and Clark) (Glymour & Scheines, 1986) and FCI
(Spirtes & Glymour, 1991) developed out of the inductive causation (Pearl & Verma, 1992)
framework and the earlier SGS algorithm (Spirtes & Glymour, 1991), significantly im-
proving the efficiency of causal discovery using statistical structures in observed data.

In time, other structural algorithms developed, such as LINGAM (Shimizu et al., 2006),
utilizing asymmetries in non-linear and non-Gaussian data for inferences, and NOTEARS
(Zheng et al., 2018), a graph score-optimization-based method. Eventually, these two
traditions converged as structural methods were developed to take advantage of tempo-
rally ordered data. Key advances included: hMRF (Liu et al., 2010), which uses hidden
Markov models for estimation and is grounded in Granger causal structures, PCMCI (Runge,
Nowack, et al., 2019) (and related PCMCI4 and LPCMCI), which improves PC to han-
dle autocorrelated dependencies better, and DYNOTEARS (Pamfil et al., 2020), which
extends the NOTEARS method to time series. More recently, a third tradition, causal
representation learning, developed out of machine learning (ML) to leverage causal rea-
soning in ML models (Scholkopf et al., 2021). While still a developing field, it shows par-
ticular promise for estimating relationships in the presence of latent confounding.

The directed nature of time provides a powerful asymmetry to leverage, often suf-
ficient to overcome the difficulties of autocorrelation, automatically orienting discovered
relationships in time. In contrast, spatial data lacks an obvious uniform directional struc-
ture and poses challenges for causal discovery. As discussed in Section 1, while some ap-
proaches have incorporated domain-specific spatial constraints for point-measurement
networks, none have developed a generalizable framework that leverages fundamental
physical principles of locality to enable scalable causal discovery in high-dimensional grid-
ded space-time systems.

2.1.1 Causal Discovery in Earth Science

We present a brief review of causal discovery for Earth science to position CaStLe
within the literature. Please also see the extensive reviews by Runge et al. (2023) and
Ali et al. (2024).

Ebert-Uphoff and Deng (2012) were the first to apply a causal discovery algorithm,
PC-stable (Colombo & Maathuis, 2014), to the climate science domain. They were able
to find a grid-cell-level causal teleconnection network in 50 year daily geopotential height
data using the PC algorithm. Ebert-Uphoff and Deng (2014); Deng and Ebert-Uphoff
(2014) further explored application requirements and climatological interpretations of
the geopotential height analysis. In each paper, they note grid challenges related to the
high expense of many grid cells, aggregation effects, and cell spacing. The first paper lim-
its the number of grid cells to 800, while the subsequent analyses limited grid cells to
200 to minimize computational costs. While their results are compelling, they use ex-
tensive decadal data and recover patterns common to all 50 years. The fundamental dif-
ference between our work and Ebert-Uphoff and Deng’s work is that they recover causal
graphs from recurring atmospheric phenomena with sufficiently large datasets on rela-
tively coarse-grained grids, whereas CaStLe recovers networks of isolated phenomena with
many more grid cells and many fewer time samples per cell.

Runge et al. (2015) introduced an alternative approach to causal discovery of space-
time Earth science data. They reduced the dimensionality with varimax-rotated prin-
cipal component analysis prior to applying the causal discovery algorithm, producing a
graph relating discrete, potentially remote, regions. Their causal graph is most similar
to a teleconnection network between large areas on the globe. Nowack et al. (2020) uti-
lized that framework to evaluate CMIP5 models. Particularly of note, they point out the
challenges and strengths of Ebert-Uphoff and Deng (2012)’s grid-cell-level approach, “...
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while an analysis at the grid-cell-level is more granular which, however, carries the chal-
lenges of higher dimensionality, will have a strong redundancy among neighbouring grid
cells, and grid-level metrics will require handling varying spatial resolution among data
sets.”

Tibau et al. (2022) built on the dimensionality reduction approach, augmenting it
to output grid-cell-level networks. They specifically delineate mode-level (dimensional-
ity reduction or cell aggregation) and grid-level causal discovery. Their augmentation
is called Mapped-PCMCI, which first applies dimensionality reduction, then computes

a mode-level causal network with PCMCI, and finally maps the grid cells within the modes

to each other using the network previously constructed. Their resulting network is one
consisting of edges between grid cells, but the method assumes that cells within modes
are fully connected, i.e., each 6 cell is dependent on all of its neighbors. In contrast, our
work specifically seeks inter-cell spatial relationships. Finally, they also describe the fail-

ure of a traditional causal discovery approach for grid-cell-level data, “[if] we apply PCMCI

directly at the grid-level, the low power of this high-dimensional and redundant estima-
tion problem (see Section 2.2.2) leads to most links being missing.”

Boussard et al. (2023) and Brouillard et al. (2024) developed the Causal Discov-
ery with Single-parent Decoding (CDSD) algorithm within the causal representation learn-
ing framework and applied it to the climate science field. Like CaStLe, CDSD performs
well in high-dimensional data settings but through a different mechanism. It performs
dimensionality reduction by learning latent variables and enforcing a "single-parent" con-
straint where each grid cell belongs to exactly one latent factor. This naturally clusters
grid cells into coherent, often contiguous regions and enables the discovery of causal re-
lationships between these larger-scale patterns. In contrast to CaStLe’s grid-level struc-
ture learning, CDSD identifies broader teleconnection pathways between regional climate
modes. Thus, while CaStLe preserves the original grid structure to capture fine-grained
causal dynamics, CDSD abstracts to a higher level by mapping the native grid space to
an identifiable latent representation before performing causal discovery.

Several studies have addressed local-scale phenomena. Pfleiderer et al. (2020) ap-
plied causal discovery to identify precursors to seasonal hurricane frequency. They uti-
lized the precursors to inform a predictive model. Polkova et al. (2021) identified local
drivers of marine cold-air outbreaks in the Barents Sea. These demonstrate that exist-
ing causal discovery approaches can be valuable for seasonal and sub-seasonal phenom-
ena. However, both marginalized large regions prior to analysis, reducing the space’s di-
mensionality, and did not evaluate the space-time evolution of phenomena nor grid-level
dynamics.

There are some examples of causal discovery algorithms leveraging spatial infor-
mation. Zhu et al. (2016) developed pg-Causality that applies space-time pattern min-
ing and a Gaussian Bayesian Network to seek local dependencies in the space-time prop-
agation of air quality data. Sheth et al. (2022) developed STCD for understanding hy-
drological systems. They constrained the discovery of spatial structures by only allow-
ing higher elevation nodes to be parents of lower elevation nodes because water follows
the gravity gradient. While both cleverly use mined or known spatial structure to in-
form their causal discovery, they are both limited to use in sparse point-measured data
from static base stations rather than gridded data. Further, these methods enforce con-
straints as filtering mechanisms, whereas CaStLe actively leverages spatial structure to
enhance statistical power. Neither address the scalability challenges in high-dimensional
gridded data.



362

363

364

365

366

367

368

369

370

371

372

373

374

375

376

377

378

379

380

381

382

383

384

385

386

387

388

389

390

391

392

393

394

395

396

397

398

399

400

401

402

403

404

405

406

407

408

409

410

411

2.1.2 Parallel Approaches in Neuroscience: Causal Discovery for High-
Dimensional Spatial-Temporal Data

Other scientific domains face similar challenges with high-dimensional space-time
data. Neuroscience, for example, needs to study mechanisms in brain interactions, and
fMRI images may contain thousands to millions of pixels. The anatomy of the brain also
exhibits locality constraints. Ramsey (2014) made computational optimizations to the
Greedy Equivalence Search algorithm, including sparsity constraints and limiting the dis-
tance of potential parents, to recover graphs with millions of nodes. Saetia et al. (2021)
marginalized regions of interest in the brain using spatial averaging and then applied the
PCMCT algorithm to construct causal graphs. There is a common interest in recover-
ing graphs of high-dimensional grid-level data throughout the sciences. Developing more
tools that enhance the estimation and interpretability of causal graphs in these spaces
will help advance our understanding of space-time structures across the sciences.

What is clear from prior work is that grid-level analyses are challenging, both sta-
tistically and computationally, due to how many grid cell dependencies need to be es-
timated, the enormous number of observations needed, and the redundant information
content of nearby cells. As we present in the following sections, CaStLe adds to the lit-
erature as it overcomes the statistical and computational limitations of grid-level anal-
ysis by leveraging the known physical structure of spatial information to produce inter-
pretable graphs describing local causal structures.

2.2 PDE-Like Systems

We seek to perform causal discovery from space-time data governed by consistent
physical laws. As detailed in Section 4, CaStLe operates via two phases. The first re-
structures the given space-time data into a lower-dimensional local neighborhood space
without marginalization or loss of any data points; the second is the causal discovery step.
This section details the assumptions required for efficient use of spatial replicates that
enable CaStLe’s first phase, scalability properties, performance in high-dimensional set-
tings, and interpretability. We note that the assumptions necessary for the second phase
will be inherited from our meta-algorithm’s chosen causal discovery method. In general,
they will be the causal Markov condition, faithfulness, and often causal sufficiency, which
we define formally in Appendix A.2.

We take PDE-like models as our starting point, and assume that all behavior in
the given space are driven by a fixed set of dynamics that apply at infinitesimal time and
spatial scales. Specifically, we assume that, for data observed in discrete space and time,
the evolution of a single grid cell is controlled only by the values of its immediate spa-
tial neighbors at the previous time step. Using causal discovery, we seek to determine
which neighbors have a causal impact on a given grid cell and the direction of that re-
lationship. Our analytical framework has similarities to the sparse identification frame-
work initially developed by Brunton et al. (2016), though our approach builds upon causal
discovery rather than sparse regression. Because our approach can use non-linear con-
ditional independence tests, we can avoid the difficult dictionary construction step as-
sociated with sparse regression methods.

In contrast to causal discovery methods, other current research also focuses on ap-
proximating ordinary differential equations or PDE-like systems with operator learning
approaches, such as operator neural networks (Li et al., 2020; Pathak et al., 2022; Hart
et al., 2023). These Fourier Neural Operators (FNO) focus on generating accurate mod-
els of the PDE-like evolution of key variables over time and space. Their assumptions
are rooted in several of the same fundamental physical principles of how PDEs propa-
gate effects in space and time as CaStLe: locality in space and time and spatial station-
arity. While CaStLe is not meant to be a predictive model, it captures important rela-
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tionships between grid cells in an interpretable fashion, providing insights into the un-
derlying causal structures.

2.3 Causal Discovery of Physical Dynamics: Dynamical Constraints

We state here four key assumptions that capture what we describe as a PDE-like
system Xji:

T1) Temporal Locality: for any T 8 1, X;,—r B X, for any spatial coordinates
),

T2) Temporal Causal Stationarity: the dynamics governing the evolution of X; do not
change over time. That is, X;+—1 - Xj; = Xji—14r — Xj 4, for any time
offset T.

S1) Spatial Locality: if (i,]j) are not neighbors (in a problem-specific sense) then X, 4, B
Xj,tz for any tl, t2.

S2) Spatial Causal Stationarity: the dynamics governing the evolution of X; do not
change over space. That is, X;¢—1 — Xj; = Xjpsi—1 — Xjts, for any spa-
tial offset s.

Here, B3 denotes the absence of a direct causal relationship between two variables.

Therefore, if an SCM exists for a given system, then it will have a functional shape
constrained by our assumptions: X; = F(X;—1,1n;), for some vector of noise, n;. In the
context of an SCM, the constraints are: temporal locality (T1) adds lagged relationships
between parent and child variables; spatial locality (S1) restricts possible parents to those
in the spatial neighborhood of each variable (grid cell), that is, f; is only a function of
the neighborhood of i (f; depends only on Xp(;)); and temporal/spatial causal station-
arity (T2 & S2) require that there be only one function, f, for all space and time in the
window /region of analysis.

Building on physical principles, Assumption T1 implies that causal dependencies
follow the “arrow of time” while S1 disallows “action at a distance.” Assumptions T2 and
S2 serve to ensure that there is a consistent causal structure to target. Assumption S1
further requires that f; is only a function of the neighborhood of i (f; depends only on
Xp(i)). We refer the reader to the book by Peters et al. (2017) for a more detailed dis-
cussion of how SCMs can be used to model physical systems.

We deliberately chose lag-1 temporal relationships in assumption T1 because they
reflect fundamental physical principles: In the discretized form of PDEs, each element
depends on the future state of the immediate past of its neighboring elements. The sym-
metry of the radius-1 neighborhood in assumption S1 and the single lag constraint in as-
sumption T1 captures the essential causal dynamics in physical processes when tempo-
ral and spatial data resolutions are appropriately balanced.

While not descriptive of all possible systems, we assert these locality and station-
arity assumptions are descriptive of any system governed or modeled after PDEs, cel-
lular automata (Bhattacharjee et al., 2020), or Tobler’s First Law of Geography (Miller,
2004; Walker, 2022). These assumptions reflect fundamental principles of locality and
consistency that apply across numerous domains, from fluid dynamics to reaction-diffusion
systems. However, for these to hold in practicality, one must also assume sufficient data
is available to characterize locality and dynamics are smooth and non-turbulent, rela-
tive to the analysis frame. These assumptions imply that there is an optimal balance be-
tween temporal and spatial resolution sufficient to impose space-time locality. The ex-
act value of this scaling is problem-dependent, as more rapidly evolving systems require
higher temporal resolution, and we do not explore it further here. However, we note that
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similar concerns are well-studied in the design of numerical differential equation solvers
where spatial and temporal discretizations must be chosen suitably consistently.

Section 4 and Appendix A detail how these assumptions are essential for our method-
ology, CaStLe, and discuss their limitations. Section 4.6 discusses strategies for manag-
ing those limitations. While CaStLe’s framework assumptions (T1, S1, T2, S2) enable
efficient use of space-time samples, the algorithm adapted for CaStLe’s parent-identification
phase will have additional causal assumptions.

Interestingly, CaStLe’s spatial locality assumption (S1) creates an environment where,
when properly implemented, causal sufficiency can be satisfied by construction. When
we focus on learning only the parents of the center cell while including all potential spa-
tial neighbors in the analysis, we automatically satisfy causal sufficiency for that spe-
cific node if S1 holds. While reliant on S1 holding, this is significant because causal dis-
covery is notoriously the most challenging causal discovery assumption to ensure in real-
world settings (Spirtes et al., 1993; Raghu et al., 2018). As we discuss in Section 4.5, suf-
ficiency may be relaxed depending on which causal discovery algorithm is adapted for
the parent-identification phase. However, satisfying it by construction may enable im-
plementation choices with fewer compromises.

In the following sections, we discover grid-cell-level causal graphs under these five
assumptions. Assumptions T1 and S1 allow us to significantly reduce the scope of the
problem, as there are only 9 possible parents of a grid cell in 2D (8 neighbors and itself).
Assumptions T2 and S2 suggest that we only need to determine a single local causal graph,
because spatial stationarity allows us to extend it to the entire domain.

3 Data: The 1991 Mt. Pinatubo Eruption

Mount Pinatubo’s eruption in 1991 was a massive, natural intervention in the cli-
mate, with effects that had a relatively high signal-to-noise ratio. The event launched
20 Tg of SO, gas into the atmosphere (Guo, Bluth, et al., 2004; Guo, Rose, et al., 2004;
Kremser et al., 2016). The sulfate aerosols that resulted from these gases remained in
the stratosphere for approximately two years, leading to stratospheric warming of [ THK
and surface cooling of 0.2-0.5K (Dutton & Christy, 1992; Labitzke & McCormick, 1992;
Parker, Wilson, Jones, Christy, & FOLLAND, 1996; Soden et al., 2002). This aerosol
injection has recently been the object of much study, with some authors suggesting it
as a natural proxy for proposed stratospheric aerosol injection (SAI) responses to global
climate change (Trenberth & Dai, 2007). Recent work continues to characterize the na-
ture of the response to the Pinatubo eruption, with the timing and spatial structure of
the surface response being essential factors to inform policy decisions (Weylandt & Swiler,
2024).

Large volcanoes can impact climate quantities, such as surface temperatures, on
timescales from months to years (Parker, Wilson, Jones, Christy, & Folland, 1996; Robock,
2000; Timmreck, 2012; Marshall et al., 2022). However, to evaluate whether CaStLe could
recover the initial advection dynamics of volcanic aerosols, we focused on the period shortly

after the eruption that includes stratospheric aerosol transport. The recent paper by Marshall

et al. (2022) indicates: “Although global-scale climatic impacts following the formation
of stratospheric sulfate aerosol are well understood, many aspects of the evolution of the
early volcanic aerosol cloud and regional impacts are uncertain.” This initial spread of
aerosols in the stratosphere is a geophysical process, falling between synoptic weather
patterns and longer-term impacts.

We utilized models of the event, combining stratospheric aerosol and wind data,
as acase study to illustrate the analysis possible with CaStLe. Figure 1 is a high-level
illustrative schematic of the this work’s key ideas: We collect gridded space-time data,
e.g. aerosol optical depth (AOD) measurements, and apply it to CaStLe to learn a causal
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Figure 1: Schematic overview of the key elements of CaStLe and the process followed in
its application to Mount Pinatubo’s eruption of stratospheric aerosols. Beginning with
Earth system model output, Step 1. is to collect stratospheric wind and aerosol data.
Step 2. is to apply our novel CaStLe meta-algorithm to the aerosol data to obtain a
causal graph describing the space-time evolution of the aerosols. Finally, we use the wind
fields to help validate the causal graph results in Step 3.

stencil graph. We then map the stencil to the original grid space. Finally, we compare

the data to ground-truth. To be clear, the ground-truth in our later case studies is a proxy,
referring to the models’ understood underlying dynamics, not the true realization of AOD
in Earth’s atmosphere or a mathematical representation of the dynamics. In Section 5,

we compare to the wind fields carrying AOD as a proxy ground-truth. In Section 6, we
compare CaStLe results from synthetic data to mathematically-known ground-truth.

3.1 Held-Suarez-Williamson-Volcanic

For our first case study, we utilized the limited-variability ensemble approach of
the Held-Suarez-Williamson-Volcanic (HSW-V) model (Hollowed et al., 2024). HSW-
V is an atmosphere-only model built in the Department of Energy’s Energy Exascale Earth
System Model version 2 (E3SMv2) (Golaz et al., 2022). HSW-V does not set out to repli-
cate the historical Mt. Pinatubo eruption or any other, but uses the Mt. Pinatubo’s erup-
tion characteristics “to produce a plausible realization of a volcanic event, simulated with
a minimal forcing set” (Hollowed et al., 2024). The model was developed specifically to
facilitate basic research of attribution methodologies by providing realistic source-to-impact
pathways of eruption quantities. We use this model to create a realistically complex dataset
of stratospheric aerosol and wind dynamics with a clear ground-truth to demonstrate
the capabilities of CaStLe and the correctness of its results.

We gathered aerosol optical depth (AOD), sulfate, and zonal (U) and meridional
(V) wind fields for analysis. Only AOD is provided to CaStLe, while the sulfate, U, and
V wind components are used for validating results, as detailed in Section 5. AOD is a
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derived quantity that measures the extinction of a beam of light through the atmosphere
by atmospheric aerosols, i.e., it describes the amount of light occluded by atmospheric
particles. One of the simplifying aspects of HSW-V is that all aerosol particles originate
from SO, gas ejected by the volcano; this avoids confusing signals from other sources,
such as smoke and dust, in the atmosphere.

The data collected from the HSW-V ensemble run are on a 2° grid with 6-hourly
average observations. We selected AOD in grid cells between —20° to 40°N and —120°
to 140°E, comprising 3,900 grid cells. We used the first three weeks post-eruption for
our analysis.

3.2 Mt. Pinatubo in E3SMv2-SPA

For our second case study, we considered a simulation of the Mt. Pinatubo erup-
tion in the fully coupled E3SMv2 model augmented with Stratospheric Prognostic Aerosol
capability (E3SMv2-SPA) as detailed and validated by Brown et al. (2024). E3SMv2-
SPA includes atmosphere, land, ocean, sea ice, land ice, and river components. AOD,

U, and V wind fields are analogously collected from this dataset. However, in this model,
aerosols are a natural feature, thus complicating the analysis of aerosol optical depth.

Data were collected on a daily temporal resolution for a 1° spatial grid. We selected
grid cells between —30° to 60°N and —180° to 180°E. Analysis covered the first six months.
Because this data has a coarser temporal resolution and finer spatial resolution than our
study of HSW-V, we coarsened the CaStLe spatial grid to a 3° grid, resulting in 3,600
total grid cells. This helps ensure that the motion of aerosol particles between grid cells
is measured within the one-day sample period.

4 Methodology: Causal Discovery with CaStLe
4.1 Notation

We first introduce notation used in the remainder of this paper. Data is observed
on a spatial domain D, which we typically take to be a finite subset of the real plane,
R2. The causal structure generating this data can be represented by a directed acyclic
graph G = (V,E), where V = D. CaStLe represents local causal structure with a sten-
cil, which we identify as a graph G = (V,E) in a reduced coordinate space (|V = 9|).

In both the original and reduced spaces, let P (V) be the potential causal parents of v
and let P (v) be the actual causal parents of v. We take D to be points on a regular grid
of size NxN, observed over T time steps, giving data X RN *T. When transformed
to the reduced space used by CaStLe, the resulting data matrix will be denoted X [
RT(N=2)°>9, Quantities estimated from data are denoted with a hat, e.g., IS(V) We pro-
vide additional background on the interpretation of the causal graphs G,G in Section 2.1
and formally specify the mapping between X and X, or equivalently, between V and V,
in Section 4.3.

4.2 Causal Space-Time Stencil Learning

We now introduce the CaStLe paradigm for the causal discovery of local space-time
dynamics. Under our assumptions, CaStLe identifies a sketch of the local causal dynam-
ics, which we call a stencil. This stencil can then be used to construct the causal graph
for the entire system (S2). The stencil is estimated in a reduced coordinate space, where
we only examine the direct neighbors of a given grid cell (S1). We can pool information
across time (T2) and space (S2) in order to estimate the stencil accurately, and the prob-
lem is tractable because we only seck causal parents which are local in time (T1). As
we will see, this combination of reduced search space and pooled information provides
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a powerful approach to causal discovery and enables accurate causal discovery from high-
dimensional grid-cell-level data.
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Figure 2: Illustration of CaStLe (Algorithm 1) as applied to space-time data on a 4%4
grid. Step A (§4.3.1): for every interior grid cell, its 3%3 (Moore) neighborhood is se-
lected. (Note, all four 4x%4 grids in the second panel are identical.) Step B (§4.3.1): Data
are represented in a reduced coordinate space obtained by appending time series from
each neighborhood according to its position relative to the neighborhood’s center. Step

C (§4.3.2): during the Parent Identification Phase (PIP), a causal discovery algorithm is
used to estimate the parents of the center time series; the resulting graph forms the causal
stencil. Step D (§4.3.3): the estimated stencil is expanded to its equivalent representation
in the original space. Note that each time chunk (colored intervals in the center panel) in
the reduced space corresponds to an interior grid cell of the original data, and that each
edge in the final causal graph reflects to a stencil edge learned during the PIP. See §4.3
for details.

Having motivated the CaStLe approach to causal discovery from space-time data
in Section 2.2, we now state it formally as Algorithm 1, describe its computational steps,
and then analyze its statistical and computational properties.

4.3 The CaStLe Meta-Algorithm
4.3.1 Steps A-B: Projection to a Reduced Coordinate Space

CaStLe begins by transforming the given data from its original domain into a re-
duced coordinate space that captures the underlying causal dynamics’ locality and spa-
tial homogeneity. In this transformation, all data points are preserved, i.e., no marginal-
ization or truncation occurs. This process is represented as Steps A and B in Figure 2
and Algorithm 1. In Step A, the local 3%3 (Moore) neighborhood of each interior cell
is selected, and each cell is labeled by its location relative to the center cell (S, NW, E, etc.).
This process creates (N — 2)? sub-views in X; CRIF*9.

In Step B, these views are concatenated along the time dimension to create a re-
duced coordinate space data matrix X CRT®=27>9 Note, when concatenating the
subviews, data are aligned by their coordinates relative to the neighborhood center so
that, e.g., data from all NW cells are aligned upon concatenation, even though they orig-
inally come from different spatial locations. Although this transformation results in spe-
cific time series segments appearing in multiple reduced space cells, these repetitions do
not eventually create spurious dependencies in the causal stencil, as CaStLe only seeks
lag-1 dependencies. The repeated segments are well-separated in the temporal dimen-
sion, and no chunks appear in different cells in the same interval.

We depict this process on a 4%4 grid in the first half of Figure 2. In Step A, the
four interior cells are sequentially highlighted, and their local neighborhoods are extracted,
which are depicted in boxes colored according to the center used. In Step B, the local
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Algorithm 1 CaStLe for Space-Time Data in 2D (D [R¥)

Inputs:

» Parent-Identification Phase subroutine PIP
+ Gridded space-time data X CRIF=<N?

1. Step A: Extract 3 x 3 Moore Neighborhoods

» For each interior point in the original space, construct local view of the data X; =

X.p ) [CRIF>?
2. Step B: Construct Reduced Space Data Matrix

X = PRI X L) CERI V20
3. Step C: Perform Parent-Identification in Reduced Space
PIP(X)=E = (P(C) xR%) [A(C) xR’

4. Step D: Expand Stencil Graph to Original Coordinate Space:
« E=[CIL VxR
« For each (p,w) CEl
E =E Cf{p(v),v,w) for v CV}

Outputs:

« Graph Stencil, E
+ Estimated Causal Graph, G = (V,E)

data views are concatenated to form one set of time series, with each temporal chunk
reflecting the color of the center cell of the underlying data view.

4.3.2 Step C: Parent-ldentification Phase

CaStLe next examines the reduced coordinate space data representation, X, to iden-
tify the stencil of the local causal dynamics. This is done by applying an augmentation
of an arbitrary time series causal discovery algorithm to identify the parents of the cen-
ter cell, C. We emphasize that we only seek the parents of C, not a full causal structure,
in this step and refer to it as the Parent Identification Phase (PIP). Under assumption
S1 (locality), all parents of C are present at this step, satisfying causal sufficiency, en-
suring more accurate estimation of the causal stencil. By contrast, while the data of the
parents for the exterior cells, e.g. W, is included in the reduced data space matrix, X,
it spreads across multiple columns, and accurate parent identification is not possible. The
output of this process is a set of (up to) 9 weighted edges, corresponding to the parents
of C (the eight neighboring cells and C itself).

We depict the PIP in Step C of Figure 2, where two parents of C are identified: W,
which has a positive dependence on C, and SW, exhibiting negative dependence. Note that
while the PIPs we implemented in testing—see Section 6.1—had no trouble with the seams
connecting each time chunk in the reduced space, we propose an improved testing im-
plementation in Appendix E to alleviate potential statistical testing issues.
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21 4.3.3 Step D: Graph Reconstruction in the Original Space

622 Finally, CaStLe uses the stencil constructed in Step C to reconstruct the causal graph
623 in the original data space, in a process that essentially reverses Steps A and B. Specif-

624 ically, for each edge identified in E, corresponding edges are added to grid cell in the orig-
625 inal domain. We depict this in the final step of Figure 2 where the stencil is repeated

626 throughout the entire 4x4 space, copying the two parents of C identified in Step C, to

627 create a causal graph in the original space. Note also that we use the stencil to identify

628 parents for both interior and boundary cells, omitting edges that go “off-grid” when ap-

629 plying the stencil to boundary cells.

630 4.4 Theoretical Properties

631 CaStLe has many advantages over classical causal discovery algorithms in gridded
632 space-time settings. By reducing the causal discovery problem to identifying the causal
633 parents of the center cell (C) in the reduced space, CaStLe achieves significant improve-
634 ments in both the computation necessary to infer the causal graph and the statistical

635 quality of that graph. As previewed in Section 2.2, the PIP’s focus on identifying only

636 the parents of the center cell creates an important connection to the causal discovery as-
637 sumption of causal sufficiency. Because we include all spatial neighbors (as defined by

638 our locality assumption S1) in the conditioning set, all potential parents of the center

639 cell are present in the analysis. If our spatial locality assumption holds, causal sufficiency
640 is automatically satisfied within each local stencil analysis. This represents a key advan-
641 tage of the CaStLe framework - while the Markov condition and faithfulness remain nec-
642 essary assumptions for the PIP algorithm, our implementation leverages spatial struc-

643 ture to ensure causal sufficiency by construction.

644 Below, we briefly outline the theoretical implications and their contributions to CaS-
645 tLe’s remarkable performance and algorithmic improvements. Their derivation, a deeper
646 analysis, and a discussion on graph estimation asymptotic consistency are provided in

647 Appendix B. We discuss CaStLe’s asymptotic consistency in Appendix C, which shows
648 that CaStLe converges on the correct causal stencil as grid size increases, given a PIP

649 consistent in increasing time samples. These properties illustrate the mathematical jus-
650 tification for CaStLe’s empirical correctness and improvement over the state of the art

651 shown in the following sections.

652 CaStLe yields significant improvements to both time complexity, a measure of an

653 algorithm’s computation time as it scales with input size (e.g., number of time steps, graph
654 nodes), and statistical complexity, a measure of estimation performance given larger sam-
655 ple sizes. Following the complexity analysis of Kalisch and Bithlmann (2007), we show

656 that traditzional causal discovery approaches are bounded by O(np32?) = O(T (N?2)32%¥ 2) =
657 O(TN®2N%) for T time samples and N X N = N? grid cells. Since CaStLe computes

658 on the smaller reduced coordinate space, and only seeks causal parents of one node, rather

659 than parents of all nodes, several terms become constants, resulting in O(np32?) = O(T (N—
660 2)2x93%2%) = O(TN?2). CaStLe’s computational complexity is O(TN?2), a major im-

661 provement over existing approaches. For more details on this derivation, see Appendix

662 B.1. By leveraging locality and spatial replicates, CaStLe identifies causal structure for

663 the entire graph (O(N*) possible edges) in N? time. Kalisch and Biihlmann (2007, Ap-
664 pendix B) show that the probability of the PC algorithm incorrectly estimating the true

665 graph isphqungted by = O(N2V 2), whereas we find that CaStLe’s error probability scales
N2T

666 as =0 N From this, as the grid size grows larger, we see PC is less likely to es-

667 timate the correct causal graph, while CaStLe is more likely to estimate the correct graph.
668 Furthermore, both of these effects are exponential, implying significant performance dif-
669 ferences even on moderately sized graphs; this change from a regime of exponential de-

670 cay to super-exponential growth in graph recovery performance makes local causal graph
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recovery feasible, finally enabling the tools of causal discovery to scalably explore grid-
level Earth science dynamics in commonly high-dimensional settings.

4.5 Methodological Limitations

CaStLe’s assumptions may pose challenges in some domains of interest, and vio-
lations of these assumptions can affect the CaStLe output. For example, large-scale ho-
mogeneity can be difficult to achieve in geosciences, which is the primary rationale for
the spatial-blocking strategy that we implement for our application in Section 5. Local-
ity assumptions (T1 & S1) create a framework where the causal Markov condition can
be effectively applied to local structures, while causal stationarity assumptions (T2 &
S2) create consistency in these structures across space and time. However, the PIP al-
gorithm we use within CaStLe additionally requires standard causal discovery assump-
tions, particularly the causal Markov condition and faithfulness, which is a separate non-
trivial assumption. We list causal sufficiency as an assumption, however, if the others
hold then it follows that all of the causal parents of the stencil’s center are in its imme-
diate neighborhood, so sufficiency is satisfied by construction. Alternatively, causal suf-
ficiency may be relaxed if the chosen PIP is an algorithm that does not rely on sufficiency,
such as the FCT algorithm (Glymour et al., 2019). As such, violations of CaStLe’s as-
sumptions relate directly to violations of the causal Markov condition, faithfulness, and
causal sufficiency. Both Spirtes et al. (1993, p. 29) and Runge (2018) discuss assump-
tion violations in causal discovery and some examples of how they manifest in resulting
graphs. We have included a more detailed discussion on each assumption and their lim-
itations in Appendix A.

4.6 Strategies for Addressing Limitations

To address the limitations of CaStLe’s assumptions, several practical strategies can
be employed. One effective approach is the use of spatial blocking to create subdivisions
where dynamics are more uniform, thus mitigating the violation of spatial causal sta-
tionarity (S2). The selection and size of these blocks are highly domain-dependent and
can be guided by subject matter expertise. An automated approach may be sufficient
for certain dynamics, such as stratospheric dynamics, but more manual approaches may
be necessary for surface-level dynamics where blocks are chosen based on topological as-
sumptions. In specific areas of interest, blocks can be manually created to avoid topo-
logical boundaries such as coastlines, rivers, and mountain ranges, ensuring that the as-
sumptions of spatial homogeneity are better satisfied.

Additionally, strategies such as variograms can be used to test for spatial statis-
tical stationarity, providing heuristics for effective blocking. In future work, an iterative
block size estimation approach could be considered. Varying the block size serves as a
form of stability check, a technique widely applied in ML to ensure robustness of discov-
eries to parameter choices and modeling assumptions (Allen et al., 2023). However, it
is important to note that there may not always be a single optimal block size due to the
complex nature of spatial dynamics. Instead, there may be a range of valuable block sizes
depending on the needs for analysis and the limitations of the setting. Because CaStLe
is data efficient, it may be better to tend towards smaller blocks, which are more likely
to be homogeneous, but possibly at the cost of some interpretability.

Deep learning and space-time feature engineering approaches may be fruitful di-
rections for future research on automated block-identification. Methods such as 8-MAPS
(Fountalis et al., 2018), feature extraction with convolutional neural networks (Nukavarapu
et al., 2023), and spatiotemporal cluster analysis (Davis et al., 2025) are strong start-
ing points. These computational approaches could automate the identification of opti-
mal spatial blocks, reducing reliance on manual delineation and subject matter exper-
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tise while preserving the statistical properties necessary for valid causal discovery with
CaStLe.

By employing these strategies and acknowledging their limitations, the robustness
and applicability of CaStLe in various domains can be significantly enhanced, allowing
for more accurate causal discovery in complex space-time systems. In general, more data
at higher spatial and temporal resolutions will make satisfying the assumptions easier.
The appeal of CaStLe is when one is interested in small-scale local dynamics, it is prefer-
able to analyze raw gridded data directly, because marginalization can introduce statis-
tical artifacts.

Appendix I provides an empirical investigation of how violations of each assump-
tion affect CaStLe’s performance when applied to our E3SMv2-SPA case study. Our anal-
ysis reveals that CaStLe is surprisingly robust to moderate assumption violations. While
violations of spatial and temporal causal stationarity (particularly with overly large blocks
or extended time intervals) introduce more false positives and reduce interpretability, CaS-
tLe often still identifies key true causal pathways. This robustness to moderate assump-
tion violations further expands the practical utility of CaStLe in realistic Earth science
applications where perfect adherence to assumptions is rarely possible.

5 Results: Discovering Atmospheric Dynamics in Global Climate Mod-
els

As described in Section 3, we applied CaStLe to output of the Held-Suarez-Williamson-
Volcanic atmosphere model, tuned to accurately reproduce the observed Pinatubo re-
sponse (Hollowed et al., 2024), and the E3SMv2-SPA model including the eruption. In
this section, we describe how we applied CaStLe to these case studies and present the
results.

5.1 Validation with HSW-V

We first note important implementation considerations, particularly how CaStLe’s
assumptions are satisfied. In general, if assumptions T1, T2, S1, and S2 are uncertain,
either because of data availability or dynamical instability, then assumptions can be ver-
ified using subject matter expertise. In this study of Mt. Pinatubo, we describe how we
carefully managed each assumption prior to applying CaStLe.

In order to be sure CaStLe’s assumptions of temporal locality, temporal causal sta-
tionarity, and spatial locality (T1, T2, and S1) held in the dataset’s 2° grid resolution
(corresponding to approximately 214 km at 15 degrees N), we used atmospheric wind
speeds at the time of the eruption, which were recorded at 25 m/s on average at 30 hPa;
cf. Figure 1 in Thomas et al. (2009). That speed translates to a theoretical maximal aerosol
travel distance of 540 km over a 6-hour period, meaning aerosols should move fast enough
to traverse one 2° grid cell per time step.

Spatial causal stationarity, assumption S2, is indeed violated considering the globe
holistically. We resolved this challenge by using a spatial blocking strategy to create sub-
divisions in which dynamics were more uniform, and applied CaStLe within each sep-
arately. As noted in Section 4.6, the selection of blocks and their size is a potential chal-
lenge and is highly domain-dependent. We conducted a sensitivity analysis of block sizes,
which is presented in Appendix H, and determined that dynamics were consistent in var-
ious of block sizes. We chose a middle size, 20°>%20°, for this analysis to balance more
nuanced outputs (smaller sizes) with less risk of false positives (larger sizes). This case
study was selected for its relatively simple advective dynamics to clearly validate CaS-
tLe and demonstrate its results in an atmospheric setting. We observe that stratospheric
winds vary smoothly and slowly, without hard boundaries, which enables us to use a reg-
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